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We propose a novel spin density wave (SDW) state as a
possible mechanism of the anomalous antiferromagnetism, so-
called the micromagnetism, in URu2Si2 below 17.5[K]. In this
new SDW, the electron-hole pair amplitude changes its sign
in the momentum space as in the case of the unconventional
superconductivity. It is shown that this state can be realized
in an extended Hubbard model within the mean field theory.
We also examine some characteristic properties of this SDW
to compare with the experimental results. All these properties
well explain the unsolved problem of the micromagnetism.
PACS: 71.27.+a, 75.50.Ee
Introduction— Electronic states in the U-based heavy
fermion compounds UPt3 and URu2Si2 have recently at-
tracted much attentions because of their curious physical
properties. The antiferromagnetism is one of them: (1)
Magnitude of the induced staggered magnetic moment
is extremely small; It is about 0.02µB for UPt3 (TN =
5[K]) [1,2] while 0.04µB for URu2Si2 (TN = 17.5[K]) [3,4].
They are about 1% of the values expected from the mag-
netic susceptibility at high temperatures [5,6]. (2) The
phase transition can be observed by the neutron scatter-
ing [1,3] and the magnetic X-ray diffraction [2,4] in both
the materials; in the case of UPt3, however, it is not de-
tected by other probes, NMR-T−11 [7], the susceptibility,
and the specific heat [5]. On the other hand,a clear jump
in the specific heat at TN and rapid decreases in NMR-
T−11 and in the susceptibility below TN can be observed
in the case of URu2Si2. This indicates that, at least for
URu2Si2, a magnetic phase transition really occurs at
TN.
Although various mechanisms have been proposed in
order to explain this micromagnetism [8–10], this prob-
lem still remains to be settled. Since the antiferromag-
netism continues to exist even in the unconventional su-
perconducting phase, this problem is also related to the
mechanism of the superconductivity in these materials.
Motivated by this situation, we study the micromag-
netism and propose a new mechanism in this paper. We
mainly focus on URu2Si2, because its phase transition
is well-confirmed compared with UPt3 as noted in the
above. Namely, we study how the tiny moment and clear
anomalies in some physical quantities can coexist without
any inconsistency.
Unconventional SDW—First of all, we explain the out-
line of our idea. (1) In the SDW, the ordered magnetic
moment MQ is given by
MQ =
∑
k
ΨQk , (1)
where ΨQk ≡
∑
σ σ
〈
c†kσck+Qσ
〉
is the electron-hole pair
amplitude. (Q represents a characteristic wave vector of
the SDW.) In the ordinary simple SDW, Eq. (1) is finite,
because ΨQk is a positive constant and is independent of
k. (2) In this paper, we notice the k-dependence of ΨQk ,
and propose an unconventional SDW where ΨQk changes
its sign depending on k; for example, the d-wave sym-
metry ΨQk ∝ cos kx − cos ky as in the case of the d-wave
superconductivity. In this case, Eq. (1) gives MQ = 0,
because ΨQk is canceled in the k-summation due to its
sign-change. (3) Presence of ΨQk decreases the excitation
spectrum below the energy gap, even if ΨQk is anisotropic
and MQ is absent. Then, this energy gap should induce
a large anomaly in, for example, the specific heat. Thus,
“absence of the ordered magnetic moment and presences
of large anomalies in some thermodynamic quantities”
can be realized in the unconventional SDW.
This is our basic idea for the micromagnetism in
URu2Si2. In the next section, we present a concrete ex-
ample of this state based on a simple model.
Formulation— Since the micromagnetism occurs after
the heavy fermion was formed [6,11,12], we examine the
quasiparticle state described by the Hamiltonian
H = −t
∑
〈ij〉σ
(
c†iσcjσ + h.c.
)
+ U
∑
i
ni↑ni↓
+ V
∑
〈ij〉
∑
σσ′
niσnjσ′ + J
∑
〈ij〉
∑
σσ′
c†iσc
†
jσ′ciσ′cjσ , (2)
where c†iσ is the creation operator of a quasiparticle and
niσ = c
†
iσciσ. The band structure is controlled by the
hopping term in Eq. (2), in which 〈ij〉 represents the sum-
mation over nearest-neighbor pairs; although URu2Si2 is
a three dimensional material and should have a complex
band structure, we use a two-dimensional simple square
lattice in order to grasp the essence of the unconven-
tional SDW. Furthermore, we put the chemical potential
µ equal to zero: The Fermi surface is then in the per-
fect nesting with Q = (pi, pi). On the other hand, we
take into account three kinds of interactions; the on-site
Coulomb repulsion U , the nearest-neighbor direct inter-
action V (> 0), and the exchange one J (> 0).
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Within the mean field theory, the most possible or-
dered states which may be realized in Eq. (2) are the
conventional SDW, the charge density wave (CDW), and
three kinds of novel SDW’s, all of that characterized by
the nesting vector, Q = (pi, pi) [13]. The mean field
Hamiltonian for Eq. (2) is then given by
H =
∑
kσ
ξkc
†
kσckσ +
1
2
∑
k
[
∆CDWρkk+Q + h.c.
]
+
1
2
∑
kα
[
∆SDWkα σ
z
kk+Q + h.c.
]
, (3)
where ξk = −2t(coskx + cos ky), ρkk+Q = c†k↑ck+Q↑ +
c†k↓ck+Q↓ and σ
z
kk+Q = c
†
k↑ck+Q↑ − c†k↓ck+Q↓. (We have
chosen the direction of the SDW order parameters being
parallel to the z-axis without loss of generality.) The
CDW order parameter, ∆CDW, and the four SDW ones
specified by the channel index α, ∆SDWkα , are respectively
given by

∆CDW =
8V − U − 4J
2
∑
k′σ
〈ρk′+Qk′ 〉 ,
∆SDWkα =
Iα
2
φαk
∑
k′σ
φαk′
〈
σzk′+Qk′
〉
.
(4)
In Eq. (4), φαk and Iα respectively represent the basis
function which determines the symmetry of the order pa-
rameter and the corresponding pairing interaction. For
the conventional “s-wave” SDW, φsk = 1 and Is = U−4J .
On the other hand, the nearest-neighbor direct interac-
tion in Eq. (2) gives three possible “unconventional”
SDW’s; (1) d-wave: φdk = cos kx−cosky. (2) Extended s-
wave: φexk = cos kx+cosky. (3) p-wave: φ
p
k =
√
2 sin kx,y.
All the three states have the same pairing interaction,
Iα = V .
All the states obey the same form of the self-
consistency equation,
1 = Iα
∑
k
φα2k
2Ek
th
Ek
2T
(
Ek =
√
ξ2k + |∆SDWkα |2
)
. (5)
(For the CDW, we replace Iα → 8V − U − 4J and
∆SDWkα → ∆CDW) Then, neglecting the anisotropy of
the Fermi surface and comparing the pairing interac-
tions only, we immediately find that the unconventional
SDW’s are the most stable in the range of U −4J < V <
(U + 4J)/7 [13]. Anisotropy of the Fermi surface widens
this region, and furthermore the d-wave SDW becomes
the most favorable among the unconventional SDW’s, be-
cause the d-wave basis function, φdk = cos kx−cosky , has
a large value at the corner of the Fermi surface at which
the density of states diverges. We demonstrate a typical
U -V phase diagram at J = t in Fig. 1. Clearly, there
exists a stable region of the d-wave SDW which is wider
than that of the above simple evaluation.
At this stage, it is difficult to evaluate U , V and J
for URu2Si2. However, in real materials, at least the on-
site U should be larger than the other nearest-neighbor
interactions, V and J . Figure 1 shows that the d-wave
SDW can be realized even under this physical restriction,
U > V, J . Thus, the d-wave SDW can be considered as
a possible state in real systems.
Physical properties of the d-wave SDW— Let us pro-
ceed to the detail analysis of some physical properties of
the d-wave SDW comparing with the conventional s-wave
one. In what follows, we simply write ∆SDWkα=d,s as ∆
d,s
k .
(1) SDW order parameter: The d-wave SDW order
parameter, ∆dk must be a purely imaginary number con-
trary to the conventional SDW, because ∆dk satisfies
(∆dk)
∗ = −∆dk due to φdk+Q = −φdk. (Note that one
cannot choose the phase of the order parameter freely in
contrast to the case of the superconductivity.) Because of
this property, the d-wave SDW has a finite spin current
as pointed out by Ozaki [13].
Figure 2 shows the temperature dependence of the
SDW order parameter. It is found that there is no es-
sential difference in between the d-wave SDW and the
s-wave one. In the d-wave case, the ratio of the order
parameter to TN is
2∆max
TN
≃ 4.8 (∆max ≡ max(|∆dk|)) . (6)
Thus this state has a large excitation gap with the order
of TN. Such a gap is actually observed by the inelastic
neutron scattering [3,4]. (Strictly speaking, since the d-
wave order parameter has nodes, the density of states is
not completely absent even below ∆max.)
(2) Thermodynamic properties: We examine how the
presence of the excitation gap affects the thermodynamic
property below TN. Here, we show two examples:
(A) Figure 3(a): Specific heat C.
C(T ) =
∑
k
(
E2k
T
− 1
2
d|∆d,sk |2
dT
)
d
dEk
th
Ek
2T
. (7)
The specific heat shows a discontinuous jump at TN as in
the case of the conventional SDW. The origin of the jump
is the d|∆d,sk |2/dT -term in Eq. (7) because of |∆d,sk | ∝√
TN − T near TN.
(B) Figure 3(b): Uniform susceptibility χ0.

χ0‖ =
1
2
∑
k
d
dEk
th
Ek
2T
,
χ0⊥ =
1
2
∑
k
(
|∆d,sk |2
E3k
th
Ek
2T
+
ξ2k
E2k
d
dEk
th
Ek
2T
)
,
(8)
where χ0‖ (χ0⊥) is the parallel (perpendicular) compo-
nent to the z-axis. χ0⊥ is almost constant below TN,
while χ0‖ shows a rapid decrease due to the reduction
of the density of states below the energy gap; their be-
haviors are just equal to those in the usual antiferromag-
netism.
Since the density of states behaves like N(E) ∝
E (E ∼ 0) in the case of the d-wave SDW, C and χ0
2
show power-law temperature dependences at T ≪ TN as
C ∝ T 2 and χ0‖ ∝ T . On the other hand, they show ex-
ponential decreases in the case of the conventional s-wave
SDW due to the finite excitation gap.
(3) Magnetic moment: The staggered magnetic mo-
ment is given by
MzQ =
∑
k
〈
σzkk+Q
〉
=
∑
k
∆d,sk
2Ek
th
Ek
2T
. (9)
In the case of d-wave SDW, Eq. (9) always vanishes be-
cause of ∆dk ∝ φdk. Namely, the spin density itself is
homogeneous in spite of the name, “spin density wave”
[14]. We emphasize that the absence of MzQ is qualita-
tively different from the case of the conventional s-wave
SDW in which MzQ is essentially equivalent to the or-
der parameter. We show their qualitative difference in
Fig. 3(c).
The absence of MzQ means that the antiferromagnetic
susceptibility does not diverges at TN in contrast to the
conventional s-wave SDW. In the latter case, the di-
vergence leads to a deviation of NMR-T−11 from the
Korringa-like temperature dependence. On the other
hand, the T−11 ∝ T is expected up to just above TN
in the d-wave SDW because of the absence of the diver-
gence in the spin susceptibility. This result agrees with
the experiment [7]
How does the “micro-” but “finite-” staggered moment
appear in the present d-wave SDW?We have two answers
for this question: (1) When the lattice is deformed to
some extent, the cancellation of the summation in Eq. (9)
becomes incomplete because of the deformation of the
Fermi surface. Then MzQ can be finite. In this case, the
staggered magnetic moment may strongly depend on the
applied pressure; such a behavior is actually reported in
UPt3 [15]. (2) Since the unconventional SDW should
be destroyed near impurities and boundaries, the s-wave
SDW may be induced around them by the proximity ef-
fect, as in the case of the superconductivity. In this case,
we obtain a finite staggered magnetic moment with a
short range correlation, because the staggered magnetic
moment which accompanys the s-wave component local-
izes around the defects. We explain details of these mech-
anisms in our forthcoming paper [16].
Summary and Discussion— We have proposed a novel
SDW characterized by the electron-hole pair amplitude
changing its sign in the momentum space as a possible
mechanism of the micromagnetism in URu2Si2. This
kind of unconventional SDW shows clear anomalies in
the specific heat and the uniform susceptibility as in the
case of the usual SDW, while the induced staggered mag-
netic moment is absent. We emphasize that these re-
sults well explain the properties of the micromagnetism
in URu2Si2. Although we examined the d-wave SDW in
two dimension as a simple example, the essential results
in this paper describe general property of the unconven-
tional SDW.
Finally, we briefly comment on UPt3 which has no
anomaly in, for instance, the specific heat. When we
consider the order parameter which is zero at the Fermi
surface, such as an extended s-wave symmetry or an odd-
ω state discussed in the field of superconductivity, the
jump in the specific heat becomes small or absent. Thus,
we can expect that the unconventional SDW is a possible
mechanism also for the micromagnetism in this material.
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FIG. 1. U − V phase diagram at J = t. All the states in
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FIG. 2. Temperature dependence of the order parameter
normalized by ∆0 ≡ ∆(T = 0) of each state. Relation be-
tween ∆ in the figure and the order parameter is ∆dk = i φk∆
in the case of the d-wave. We put (U − 4J)/t = V/t = 2,
which gives TN ≃ 0.4t (0.2t) for the d-wave (s-wave). We also
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FIG. 3. Temperature dependences of (a) the specific heat,
(b) the uniform susceptibility, and (c) the staggered magnetic
moment. These are respectively scaled to C(T = TN + 0),
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z
Q(T = 0). In each figure, the temperature
is normalized by TN of each state; the discrepancy in T > TN
arises from the difference of TN in between the s-wave and the
d-wave. In Fig.(b) χzz and χxx are respectively χ0‖ and χ0⊥
in this text.
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